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We use the out-of-time-order correlation (OTOC) functions to study the quantum phase transitions (QPTs)
between the normal phase and superradiant phase in the Rabi and few-body Dicke model with large atomic level
splitting in the unit of single-mode light field frequency. We show that the critical points can be identified by
long-time averaging of the experimentally feasible infinite-temperature OTOC and observing its local minimum
behavior. More importantly, the scaling laws of the OTOC for QPTs are revealed by studying the experimen-
tally accessible conditions with finite frequency effect and finite-N effect in the studied models. The critical
exponents extracted from the scaling laws indicate that the QPTs in the Rabi and Dicke model belong to the
same universality class.
Introduction.— In the past few years, considerable atten-
tions have been attracted by the out-of-time-order correla-
tion (OTOC) functions [1–3], which are shown relating with
quantum chaos [4–7], information scrambling [8–10], and
many-body localization in condensed matter systems [11–
16]. Great progresses have been achieved for experimental
observation of the OTOC functions [17–19].
Recently, the OTOC functions have been exploited in de-
tecting the quantum phase transitions (QPTs) which can be
characterized by order parameters conventionally [20]. The
Lyapunov exponent obtained from the dynamical behavior of
OTOC function with thermal average has a maximum near
the quantum critical region [21, 22]. In addition, it has been
shown that the OTOC functions with respect to the ground
states and quenched states can diagnose the QPTs and dynam-
ical phase transition respectively [23].
In the field of quantum optics, there exists a universality
class of QPT from largely unexcited normal phase to super-
radiant phase where macroscopic photon occupation numbers
are acquired for the light field collection. The scaling relation
of the corresponding observables in the Dicke model [24–28]
in large-N limit and the quantum Rabi model [1, 2, 31, 32]
in the fast oscillating limits are found to be the same. This
fact implies that there exists a wide class of observables and
phenomena associating with the finite-size effect or finite-
frequency effect on the critical points of those fundamental
models.
Although the OTOC functions are closely related to the
QPTs in condensed-matter systems, it is not clear whether the
OTOC functions can detect the QPT between normal phase
and superradiant phase in cavity-atom interaction systems.
Furthermore, the universality and scaling exponents play im-
portant roles for our comprehension of QPTs [20]. It is a
challenging problem whether the scaling laws can be obtained
from the behaviors of OTOC functions close to the critical
points.
In this Letter, we show that: (i) the OTOC functions can
detect the QPT between normal phase and superradiant phase
in the Rabi and the Dicke model with small N . Specifically,
taking the experimental accessibility into consideration, we
mainly study the OTOC function with infinite temperature
thermal average. We find that the local minimum point of
time-averaged infinite-temperature OTOC function coincides
with the critical point. Therefore, it can be a probe of QPT.
(ii) Our numerical results also reveal several scaling laws of
the studied OTOC function, paving the way of extracting sig-
nificant information of the QPT in few body systems, such as
the universality class and the location of critical point in the
thermodynamic limit or fast oscillating limit.
Results.— The OTOC functions are defined as [1–3]
F(t) = ⟨Wˆ †(t)Vˆ †(0)Wˆ (t)Vˆ (0)⟩, (1)
with two commuting Hermitian operators at equal time, i.e,[Wˆ (0), Vˆ (0)] = 0, and Wˆ (t) = eiHˆtWˆ (0)e−iHˆt. The
average⟨O⟩ above can be chosen as the thermal average⟨O⟩β = Tr(e−βHO)/Tr(e−βH) with the inverse temperature
β = 1/T , as well as the state average ⟨O⟩∣ψ⟩ = ⟨ψ∣O∣ψ⟩ with a
given pure state ∣ψ⟩.
We firstly study the OTOC in the Rabi model with Hamil-
tonian as:
HRabi = ω0a†a + Ω
2
σz + g(a† + a)σx, (2)
where ω0 denotes the frequency of the single-mode light field,
and the level splitting of a single two-level atom is Ω, g de-
notes the coupling strength between the light field and the
atom. The critical coupling strength [1, 2] of the QPT is
gc = √ω0Ω/2, when the QPT happens in the limit of fre-
quency ratio η = Ω/ω0 → ∞. The quantum Rabi model
explicitly breaks the U(1) symmetry but has parity symme-
try Π = exp{ipi(a†a + 1+σz
2
)}. Thus, the QPT of this model
can be understood by symmetry broken theory [20]. The sys-
tem breaks Π when g ≤ gc and recovers its symmetry when
g ≥ gc [1].
We choose the operators in Eq. (1) Wˆ = Vˆ = a†a as the
order parameter of this model to define the OTOC functions.
Other alternative candidates of the operators Wˆ and Vˆ , such
as x = (a†+a)/√2 and p = i(a†−a)/√2, are discussed in the
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FIG. 1. (a) The time evolution of equilibrium OTOC functionFeq(t)
(rescaled). (b) The dependence of time-averaged equilibrium OTOC
function F˜eq (rescaled) and g/gc. The time window of the average is
tf ∼ 500ω0 and the frequency ratio in the Rabi model is η = 220.
Supplementary Material [33]. The equilibrium OTOC func-
tion is defined as Feq(t) = ⟨ψ∣Wˆ †(t)Vˆ †(0)Wˆ (t)Vˆ (0)∣ψ⟩,
where ∣ψ⟩ is the ground state. According to the results in
Ref [22], this OTOC has the potential to diagnose the QPTs.
As shown in Fig. 1(a), the dynamical behavior of Feq(t)
can be regarded as a small oscillation with respect to a con-
stant, which can be obtained by the time-averaging scheme.
In Fig. 1(b), the time-averaged equilibrium OTOC functionF˜eq = 1tf ∫ tf0 dtFeq(t) as a function of g/gc is presented,
which indicates that F˜eq can detect the QPT in Rabi model.
In fact, it is obvious that the value of Feq(t) at any time t can
highlight the critical point.
Nevertheless, efficiently acquiring the ground state of a sys-
tem, as a necessity for evaluating the equilibrium OTOC func-
tion [17], is still a challenge [34] even though quantum simu-
lation can be realized in several experimental platforms [35].
Fortunately, the OTOC function with thermal average β = 0,
that is Fβ=0(t) = Tr[Wˆ †(t)Vˆ †(0)Wˆ (t)Vˆ (0)], can be mea-
sured in the NMR quantum simulator [18]. Here, the quantityFβ=0(t) is named after infinite-temperature OTOC function.
Because the infinite-temperature OTOC function is an exper-
imentally feasible quantity, in the following discussions, we
mainly focus on this type of OTOC function.
In order to study the relation between infinite-temperature
OTOC function and the QPT in Rabi model, we numer-
ically calculate the time evolution of infinite-temperature
OTOC function Fβ=0(t) with the frequency ratio η =
220. In Fig. 2(a), because of the integrability of Rabi
model [36], drastic oscillation can be observed in the dy-
namics of Fβ=0(t). Therefore, the long-time average is re-
quired for extracting the signature of QPT. We present the
results of time-averaged infinite-temperature OTOC func-
tion F˜β=0 = 1tf ∫ tf0 dtFβ=0(t) with the time window tf ∼
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FIG. 2. (a) The time evolution of infinite-temperature OTOC func-
tion Fβ=0(t) (normalized). (b) The dependence of time-averaged
infinite-temperature OTOC function F˜β=0 (normalized) and g/gc.
The time window of the average is tf ∼ 500ω0 and the frequency
ratio in the Rabi model is η = 220.
500ω0 as a function of g/gc in Fig. 2(b). Here, the
value of F˜β=0 is normalized by F˜β=0/Fβ=0(t = 0) =F˜β=0/Tr[W †(0)V †(0)W (0)V (0)]. There is a local extreme
point of F˜β=0 close to the critical point g/gc = 1, which
might be regarded as a signature of QPT and should be fur-
ther ensured by studying the scaling behaviors of the infinite-
temperature OTOC function.
The Rabi model can be experimentally realized in the
trapped ion [37, 38], the superconducting circuits [39, 40]
and the photonic system [41]. However, the limit η → ∞
is unattainable in quantum simulation experiments. This mo-
tivates us to study the finite-η behaviors of F˜β=0 close to the
critical points. In Fig. 3(a), we observe that the location ofF˜β=0 minimum point gm/gc is dependent on η and tends to
gm/gc = 1 with the increase of η. As shown in Fig. 3(b), it is
remarkable that we can obtain a scaling law
log(gm − gc
gc
) ∼ −k log(η), (3)
where the positive number k is the critical exponent of F˜β=0.
The scaling law is of great importance. Firstly, we can ob-
tain the location of the critical point in the limit η → ∞ from
the data of F˜β=0 with finite η. Secondly, we can decode the
information of universality class from the value of k.
Because of the scaling law Eq. 3, the emergence of a dip inF˜β=0 shown in Fig. 2(b) is a signature of QPT. Meanwhile, the
thermal-averaged OTOC function Fβ with finite β in the Rabi
model is also studied. The results are presented in Supplemen-
tary Material [33], where the behaviors of Fβ with different
finite values of β are similar to Fβ=0 and can also detect the
QPT. Additionally, in order to suppress the influence of the fi-
nite photon number effect, we need to increase the maximum
photon number until this effect does not affect our results [33].
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FIG. 3. The time-averaged infinite-temperature OTOC functionF˜β=0 (rescaled by F˜β=0/Fβ=0(0)) as a function of g/gc with several
values of η. (b) The dependence of log2( gm−gcgc ) and log2(η) where
gm/gc denotes the location of F˜β=0 minimum point. The green
dashed line is the linear fitting log2( gm−gcgc ) ∼ −0.952 log2(η).
The Rabi model can be generalized to the Dicke model by
replacing single two-level atom with many two-level atoms.
The Hamiltonian of the Dicke model isHNDicke = ω0a†a +ΩJz + g√2j (a† + a)(J+ + J−), (4)
whereN = 2j is the number of atoms. Due to the permutation
symmetry, Jz,± = ∑2ji=1 12σiz,± can be defined as the collective
spin operators with length j. The Hilbert space is reduced effi-
ciently but the calculation of OTOC is still a challenge because
the reconstruction of it needs dynamically averaging and trac-
ing through all the Hilbert space [42] .
State-of-art technology allows us to manipulate and obtain
the dynamical result from quantum Dicke model in small N
case. Thus, it is worthy of studying further [24] if there ex-
ists the second-order QPT in the Dicke model with extremely
large Ω/ω0 in the case of a small number of atoms. In the
Supplemental Material [33], we show that the ground state en-
ergy EG and the energy difference ∆E between the two low-
est eigenstates for the Dicke model with N = 4 and η = 220
behave similarly to those in the Rabi model [1]. Hence, a
second-order QPT still exists in the Dicke model with finite
atoms in the limit η →∞.
In addition, we note that besides the quantum critical phe-
nomenon, the chaotic-integrable transition also exists in the
Dicke model [4, 43, 44]. The chaos can be identified by theFβ=0(t) via monotonous decay with the increase of time [14].
However, as shown in Fig. 4, the obvious fluctuation in the
time evolution of Fβ=0(t) for the Dicke model with N = 4
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FIG. 4. Time evolution for the infinite-temperature OTOC func-
tion Fβ=0(t) in the Dicke model with η = 220, N = 4, and
g/gc = 0.5,0.9,1,1.1 and 1.2
and η = 220 near the critical point can also be observed, which
indicates that the system is nonergodic in the studied condi-
tions. Therefore, the signature of QPT revealed via Fβ=0 is
not influenced by the chaotic-integrable transition. It has been
shown that there is a transition from nonergodicity to ergodic-
ity with the increase of coupling strength g in the Dicke model
with η = 1 [4]. Whereas, the nonergodicity in the few-body
Dicke model with large η remains a challenging open ques-
tion.
We then explore the linkage between the QPTs in the Dicke
model and the infinite-temperature OTOC function, as well
as the related scaling laws. We calculate the time-averaged
infinite-temperature OTOC F˜β=0 as a function of g/gc in the
Dicke model with different N and η = 220. The results are
depicted in Fig. 5(a). Similar to the behaviors of F˜β=0 in the
Rabi model, we can also observe the local minimum point ofF˜β=0 near g/gc = 1 in the Dicke model. Consequently, the
infinite-temperature OTOC function is capable of identifying
the critical point of QPT in the Dicke model with large η.
Moreover, the finite-N effect on the value of F˜β=0 is also
studied. As shown in Fig. 5(b), with the increase of N , the
value of 1 − F˜β=0 at critical point decays as a power law,
1 − F˜β=0 = aN−b + c. (5)
The exponent b as a function of g/gc is presented in the inset
of Fig. 5(b), which indicates that the exponent b can pinpoint
the critical point. It is worth mentioning that the exponents a
and c can also identify the QPT [33]. In fact, F˜N→∞β=0 = 1 − c
can be regarded as the value of F˜β=0 in the thermodynamic
limit N →∞. The results of the exponent c suggest that F˜β=0
can still characterize QPT in this limit.
It is now recognized that in the Dicke model, the quantity
γ = ΩN/ω0 dominates the criticality [2]. We proceed to ex-
plore the the finite-γ scaling law of F˜β=0, which can be re-
garded as the universal properties of all the finite-N Dicke
model. As shown in Fig. 5(c), the formulation of scaling law
is
log(gm − gc
gc
) ∼ −κ log(γ), (6)
where gm/gc denotes the location of F˜β=0 minimum point.
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FIG. 5. (a) F˜β=0 (rescaled by F˜β=0/Fβ=0(0)) as a function of g/gc
in the Dicke model with different number of atoms N and η = 220.
(b) The value of 1 − F˜β=0 as a function of N . The dashed lines
are fitting curves with the formulation of Eq. (5). The inset of (b)
shows the exponent b as a function of g/gc. (c) The dependence
of log2( gm−gcgc ) and log2(γ) where gm/gc denotes the location ofF˜β=0 minimum point in the Dicke model with N = 1,2,3,4. The
dashed lines are linear fittings with the formulation log2( gm−gcgc ) ∼−0.949 log2(γ).
The scaling exponents κ and k play crucial roles in the univer-
sality of QPTs. Comparing the results in Fig. 3 (b) and Fig.
5(c), it is revealed that κ ≃ k and the QPTs in the Rabi and
Dicke model belong to the same universality class. Conse-
quently, the scaling laws of F˜β=0 are not only helpful for esti-
mating the location of critical point with finite-η and finite-N ,
but also determining the universal class of QPTs. It is worth
emphasizing that the formulation of scaling law Eq. (6) is con-
sistent with the results of the ground state energy in few-body
Dicke model with finite-η [33].
Conclusion and outlook.—We have presented numerical
evidence showing that the time-averaged infinite-temperature
OTOC function F˜β=0 displays a minimum around the critical
points in both the Rabi and Dicke model. In this way, the
infinite-temperature OTOC function dynamically diagnoses
the QPT between normal phase and superradiant phase. The
scaling laws of F˜β=0 are identified to confirm the occurrence
of QPTs. In the Rabi model, we show that the F˜β=0 present
finite-frequency scaling behaviors close to the critical point.
In the Dicke model, we also demonstrate the scaling behav-
iors of F˜β=0 with finite values of γ = ΩN/ω0. The scaling
laws are of great significance for phase transition. Based on
the scaling laws, we characterize the QPTs in the limit γ →∞
from the data of OTOC with finite values of γ. Moreover,
the universality class of QPTs has been identified by the scal-
ing exponent obtained from the scaling laws. We find that the
QPTs of the Rabi and Dicke model belong to the same univer-
sality class.
This work may shed light on the characterization of QPT
via the dynamics of Re´nyi entropy (RE) based on the OTOC-
RE theorem [15]. Actually, the quenched dynamics of Re´nyi
entropy has been widely studied in many-body systems theo-
retically [45] and experimentally [46, 47]. Nevertheless, the
quenched dynamics of Re´nyi entropy in cavity-atom interac-
tion systems and its linkage between the QPTs and chaos in
the systems are worthwhile to study further. With the rapid de-
velopment of quantum simulation [37–41, 48–51], we believe
that our results may provide an experimentally feasible ap-
proach to detect equilibrium quantum critical points and find
the universal properties of few-body systems in quantum re-
gion.
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1Supplemental Materials :
Out-of-time-order correlators and quantum phase transitions in the Rabi and Dicke model
In this supplement, we firstly present the numerical results of the thermal-averaged OTOC with finite temperature as well as
different number of photons. These observations ensure that our results do not diverge in finite-β cases and the β = 0 can be
treated as a limit case β → 0. Our results suppress the finite photon number effect. In Section. , we give the results of ground
state energy of the few-body Dicke model with large atomic level splitting in the unit of single-mode light field frequency. In
Section. , we provide more details on the properties of the infinite-temperature OTOC with Wˆ = Vˆ = x and Wˆ = Vˆ = p. In
Section. , we show the properties of the exponents in Eq. (5) of the main text.
THERMAL-AVERAGED OTOC FUNCTIONWITH FINITE TEMPERATURE AND DIFFERENT NUMBER OF PHOTONS
In this section, firstly, the results of the time-averaged thermal OTOC F˜β with finite β in the Rabi model is presented. Then,
we show the results of time-averaged infinite-temperature F˜β=0 as a function of g/gc with different number of photons.
As shown in Fig. S1, a local minimum point of F˜β with finite value of β is observed. The thermal OTOC function with
finite-β can pinpoint the critical point.
Next, the influence of the number of photons n on the behaviors of in the Rabi model is studied. As depicted in Fig. S2, theF˜β=0 is trivial for n = 20. With the increase of n, the location of F˜β=0 minimum point tends to g/gc = 1. The locations of F˜β=0
minimum point for n = 60,80 and 100 are more or less the same. Therefore, the finite-n effect on the behaviors of F˜β=0 can be
neglect with n ∼ 80.
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FIG. S1. The time-averaged thermal OTOC F˜β (rescaled by F˜β/Fβ(0)) in the Rabi model as a function of g/gc with η = 220 and (a)
β = 0.0001, (b) β = 0.001, (c) β = 0.01, and (d) β = 0.1.
THE GROUND STATE ENERGY OF THE DICKE MODEL
In this section, we numerically calculated the ground state energy EG and The energy difference ∆E between the two lowest
eigenstates for the Dicke model with N = 4 and η = 220. As depicted in Fig. S3(a), there is a nonanalytical behavior for EG
and d2EG/dg2 diverges at the critical point g/gc = 1. Meanwhile, we observe that the ground state degeneracy, i.e., ∆E = 0, for
g/gc>1 in Fig. S3(b). The behaviors of the ground state energy EG and the energy difference ∆E in the Dicke model with large
η are similar to them in the Rabi model [S1]. Thus, a second-order QPT still exists in the Dicke model with finite atoms in the
limit η →∞.
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FIG. S2. The time-averaged infinite-temperature OTOC F˜β=0 as a function of g/gc in the Rabi model with η = 220 and different number of of
photons n = 20,40,60,80,100.
In addition, the finite-η effect on the ground state energy is explored. In Fig. S3(c), the location of gEm, which is the
minimum point of d2EG/dg2, is dependent on the value of η. Actually, in the Dicke model, the quantity γ = ηN = ΩN/ω0
plays an equivalent role of the η for the Rabi model in QPT [S2]. As shown in Fig. S3(d), it is remarkable that the formulation
of quantitative relation of gEm and γ is log( gEm−gcgc )∝ log(γ).
THE INFINITE-TEMPERATURE OTOCWITH OTHER Wˆ AND Vˆ OPERATORS
In the main text, we focus on the infinite-temperature OTOC F(t)β=0 = Tr[Wˆ †(t)Vˆ †(0)Wˆ (t)Vˆ (0)] with Wˆ (0) = Vˆ (0) =
a†a. In this section, we present the results of other candidates Wˆ (0) = Vˆ (0) = x = (a† + a)/√2 and Wˆ (0) = Vˆ (0) = p =
i(a† − a)/√2.
The time-averaged infinite-temperature OTOC functions for Wˆ (0) = Vˆ (0) = x and Wˆ (0) = Vˆ (0) = p as a function of
g/gc in the Rabi model with η = 220 are shown in Fig. S4(a) and S4(c) respectively. The former has potential to pinpoint the
critical point via local minimum behavior, while the later is trivial for QPT. Furthermore, we study the finite-η effect on theF(t)β=0 with Wˆ (0) = Vˆ (0) = x. The results are depicted in Fig. S4(b). We can observe a weak local minimum behaviors
of the OTOC function for g/gc < 1 and a stronger signatures for g/gc > 1 which are highlighted by the arrows in Fig. S4(b).
Although we reveal that the F(t)β=0 with Wˆ (0) = Vˆ (0) = x can detect the QPT, comparing with the results of the F(t)β=0 with
Wˆ (0) = Vˆ (0) = a†a in the main text, the signature shown in Fig. S4(a) and S4(b) is not obvious. Thus, a†a is a better choice of
the operators Wˆ Vˆ . The fact that x can serve as a indicator but p fails can be also understood from the mean field theory [S1]
where ⟨a⟩ ∼ √n˜ and n˜ is the mean field value of photon number. Note that ⟨p⟩ vanishes but ⟨x⟩ ∼ √n˜ and ⟨a†a⟩ ∼ n˜.
THE PROPERTIES OF THE EXPONENTS
In this section, the exponents a and c in the Eq. (5) of the main text
1 − F˜β=0 = aN−b + c. (S1)
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FIG. S3. (a) The ground state energy EG and d2EG/dg2 as a function of g/gc for the Dicke model with N = 4 and η = 220. (b) The
energy difference between the two lowest eigenstates ∆E as a function of g/gc. (c) The value of d2EG/dg2 as a function of g/gc with
η = 210,211,212,213. (d) The dependence of (gEm − gc)/gc, where gEm is the location of d2EG/dg2 minimum point, and γ = ΩN/ω0 with
N = 1,2,4,8. The dashed line is linear fitting log2[(gEm − gc)/gc] ∼ −0.651 log2(γ).
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FIG. S4. (a) The time-averaged infinite-temperature OTOC functions for Wˆ (0) = Vˆ (0) = x as a function of g/gc in the Rabi model with
η = 220. (b) The time-averaged infinite-temperature OTOC functions for Wˆ (0) = Vˆ (0) = x as a function of g/gc in the Rabi model with
η = 213 and η = 214. (c) The time-averaged infinite-temperature OTOC functions for Wˆ (0) = Vˆ (0) = p as a function of g/gc in the Rabi
model with η = 220.
In Fig. S5(a), a local maximum point of a can be observed near the critical point g/gc = 1. Thus, the exponent can be a probe
of QPT. More importantly, the behavior of F˜β=0 in the thermodynamic limit N →∞ can be obtained from the scaling Eq. (S1).
The exponent c = 1 − F˜N→∞β=0 , where F˜N→∞β=0 is the value of F˜β=0 with N →∞. In Fig. S5(b), we can observe an non-analytical
point of F˜N→∞β=0 close to g/gc = 1. The infinite-temperature OTOC function can pinpoint the critical point in the Dicke model
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FIG. S5. (a) The exponents a as a function of g/gc in the Dicke model with η = 220. (b) The value of time-averaged infinite-temperature
OTOC function with thermodynamic limit as a function of g/gc.
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